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our interest: nonlocal diffusion operators describing jump processes
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our interest: nonlocal diffusion operators describing jump processes

nonlocal equation = master equation
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ur + Lu=f inQ,t>0
w=0 in R\Q, t > 0
u(x,0) = up(x) in

how do they look like?

Lute) = [ (uy) - u(x)) 1x.v) dy

extensively studied using the
nonlocal vector calculus
(note: finite interaction radius)
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FRACTIONAL (NONLOCAL) MODELS

Nonlocal symmetric diffusion

Lux) = | (uly) = u(x)) 2(x¥)dy

u(x) — u(y)
dvs.t. Lux)=(—-A)’u=c dy, 0<s<1
( ) ( ) - |y X’n—|—2s
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Nonlocal symmetric diffusion
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Nonlocal NON-symmetric diffusion
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FRACTIONAL (NONLOCAL) MODELS

Nonlocal symmetric diffusion

Lux) = | (uly) = u(x)) 2(x¥)dy

v s.t. Lu(x) = (—A)°u = c/ u(x) — uly) dy, 0<s<1

Nonlocal NON-symmetric diffusion

La) = [ (uly)1(y.%) = ux)1(x.)) dy

T st Lu(x) = (—A)%1u — CQ/R ulx) + uly) dy

n |y — x|z 152

nonlocal convection =
non-symmetric diffusion
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FRACTIONAL (NONLOCAL) MODELS

Nonlocal symmetric diffusion

Lux) = | (uly) = u(x)) 2(x¥)dy
" integration on an
infinite domain!!

v s.t. Lu(x) = (—A)°u = c/ u(x) — uly) dy, 0<s<1

truncation

Nonlocal NON-symmetric diffusion
of the kernel

La) = [ (uly)1(y.%) = ux)1(x.)) dy

T st Lu(x) = (—A)%1u — CQ/R ulx) + uly) dy

. ‘y _ X|%+82

nonlocal convection =
non-symmetric diffusion
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NOT ONLY STOCHASTIC PROCESSES

this analysis is applicable also to

e nonlocal models for continuum mechanics
e nonlocal heat conduction

e subsurface flow/porous media
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Outline

e Why truncated kernels:
the fractional Laplacian as a special case of the nonlocal operator

e Non-symmetric nonlocal operators:
analysis and applications



NONLOCAL VECTOR CALCULUS

e generalization of the classical vector calculus to nonlocal operators

e allows us to study nonlocal diffusion similarly to the classical, local,
counterpart in a variational setting

e based on the concept of nonlocal fluxes
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NONLOCAL VECTOR CALCULUS

analyzing symmetric diffusion

o divergence of v: D(v)(x) = /n (v(x,y) +v(y,x)) - a(x,y)dy

e gradient of u: —D* (u) (x,y) = (U(y) - u(x))a(x, y)

e nonlocal symmetric diffusion of u: Lu(x) = —D(D*u(x))

Lu(x) =2 | (uly) = ux)) alx.y) - alx.y)dy
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NONLOCAL VECTOR CALCULUS

analyzing symmetric diffusion

o divergence of v: D(v)(x) = /n (v(x,y) +v(y,x)) - a(x,y)dy

e gradient of u: —D* (u) (x,y) = (U(y) - u(x))a(x, y)

e nonlocal symmetric diffusion of u: Lu(x) = —D(D*u(x))

Lu(x) =2 | (uly) -~ ux)) alx.y) - alx.y)dy

Lu() =2 [ (uly) - u(x)

question 1: how to obtain this form??

Lu(x) = / ) (uy)V(y.x) — u(x)y(x,y)) dy
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NONLOCAL VECTOR CALCULUS

analyzing symmetric diffusion

o divergence of v: D(v)(x) = /Rn (v(x,y) +v(y,x)) - a(x,y)dy

e gradient of u: —D* (u) (x,y) = (U(y) - u(x))a(x, y)

e nonlocal symmetric diffusion of u: Lu(x) = —D(D*u(x))

Lu(x) =2 | (uly) -~ ux)) alx.y) - alx.y)dy

1
‘y _ X‘n—l—Qs

Lu() =2 [ (uly) - u(x) iy

question 1: how to obtain this form??
the operator D(D*-)

' t h
Lu(x) = / (u(y)y(y.x) —ux)y(xy))dy — © 0 ONS
let’s get back to this later...
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NONLOCAL VECTOR CALCULUS

analyzing symmetric diffusion

o divergence of v: D(v)(x) = /Rn (v(x,y) +v(y,x)) - a(x,y)dy

e gradient of u: —D* (u) (x,y) = (U(y) - u(x))a(x, y)

e nonlocal symmetric diffusion of u: Lu(x) = —D(D*u(x))

Lu(x) =2 | (uly) -~ ux)) alx.y) - alx.y)dy

1
‘y _ X‘n—|—2s

Lu() =2 [ (uly) - u(x) iy

question 0: how to deal with infinite domains??
recall: we analyzed nonlocal problems with finite-interacation radius

— what happens to the nonlocal solution when we truncate the kernel?
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NONLOCAL VECTOR CALCULUS

Interaction domain of an open bounded region Q) € R?

Qr ={y e R\ Q: a(x,y) #0, x € Q},
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NONLOCAL VECTOR CALCULUS

Interaction domain of an open bounded region Q) € R?
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Kernel: we assume
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THE FRACTIONAL LAPLACIAN AS A NONLOCAL OPERATOR

— M.D., M. Gunzburger, The fractional Laplacian operator on bounded domains as
a special case of the nonlocal diffusion operator, Computers and Mathematics with

applications, 66, 1245-1260, 2013



FRACTIONAL and TRUNCATED FRACTIONAL

Fractional Laplacian Lu = (—-A)%u = c/ u(x) = uJ(g) dy
R |y — X[
here v(x,y) c
W =
7 7y 2|y . X|n+2s
u(x) — uly)

Truncated Laplacian Lu = (—A)°u = C/ )
By(x) |Y — X|"T2s

where ¥(x,y) =
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FRACTIONAL and TRUNCATED FRACTIONAL

Fractional Laplacian Lu = (—-A)%u = c/ u(x) = uJ(g) dy
R |y — X[
here v(x,y) c
W =
7 7y 2|y . X|n+2s
u(x) — uly)

Truncated Laplacian Lu = (—A)°u = C/ )
By(x) |Y — X|"T2s

where ¥(x,y) =

want to compare
P { u=0 inR™\Q
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FRACTIONAL and TRUNCATED FRACTIONAL

—Lu=f inQ —LU=Ff inQ
want to compare . m and ~
w=0 inR™\Q u=0 1in Qf
_ K,
result |u — || s (Quay) < sO— D)% |ul[2 (@)

(approaches 0 as A — 00)
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NUMERICAL APPROXIMATION

e the efficient numerical solution of fractional differential equations is an open problem

e using the nonlocal vector calculus we can obtain a priori error estimates for FEM
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NUMERICAL APPROXIMATION

e the efficient numerical solution of fractional differential equations is an open problem

e using the nonlocal vector calculus we can obtain a priori error estimates for FEM

—> approximation error of the nonlocal non-truncated (fractional) solution:

~ K1 m —S |57
v — un || 7= (Quas) < SO )2 lull 20y + Koh™ =5[] gt (quay)

truncation error + numerical error
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NUMERICAL APPROXIMATION

e the efficient numerical solution of fractional differential equations is an open problem

e using the nonlocal vector calculus we can obtain a priori error estimates for FEM

—> approximation error of the nonlocal non-truncated (fractional) solution:

~ Kl m —S |57
v — un || 7= (Quas) < SO )2 lull 20y + Koh™ =5[] gt (quay)

truncation error + numerical error

analysis of Asymptotically Compatible
schemes [Du, Tian] tells the whole story
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NUMERICAL APPROXIMATION

computational domain

Q= (-1,1), Qr = (-1 -\ -DU11+A) = QUOr=(-1-\1+))

—1—-A —1 1 L+ A
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NUMERICAL APPROXIMATION

computational domain

Q= (-1,1), Qr = (-1 -\ -DU11+A) = QUOr=(-1-\1+))

—1—-A —1 1 L+ A

® O @ 0 0.0 00NENENNINNNNEC00 O O 0 O 0 O 9
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NUMERICAL APPROXIMATION

computational domain

Q= (-1,1), Qr = (-1 -\ -DU11+A) = QUOr=(-1-\1+2\)

—1—-A —1 1 L+ A
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NUMERICAL APPROXIMATION

computational domain

Q= (-1,1), Qr = (-1 -\ -DU11+A) = QUOr=(-1-\1+2\)

—1—-A —1 1 L+ A

note: it affects the accuracy of the quadrature!
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NUMERICAL APPROXIMATION

computational domain

Q= (-1,1), Qr = (-1 -\ -DU11+A) = QUOr=(-1-\1+2\)

° L L | o 00000000600 o L ® ® o
—1-A —1 1 14+ A
0.16
compare
. 0.12f
—Lu=f in{) —Lu=f in)
u=0 inR™"\ u=0 1in Q7

0.081

f={1,x} and s = 0.75

0.04_ ............................................ ...............................................

—, § = (0.4
— 1, § = 0.75

(—)1 0 1
T
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NUMERICAL APPROXIMATION

computational domain

Q= (-1,1), Qr = (-1 -\ -DU11+A) = QUOr=(-1-\1+2\)

° L L | o 00000000600 o L ® ® o
—1-A —1 1 1+ A
0.05
compare
. 0.0251
—Lu=f in{) —Lu=f in)
u=0 inR™"\ u=0 1in Q7

f={1,x} and s = 0.75

-0.025

_0'05’1 0 1
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NUMERICAL APPROXIMATION

convergence: Uy —u, §=0.75, ||u—Un|gsuas) = OAN %) =0\ 1P)
=1 =3 =1 =z
A lellzs | rate | |lel|gs | rate | |le]lr2q) | rate | |le|lr2q) | rate
25 | 1.11e-02 | - | 3.37e-03 | - | 1.12e-02 | - | 3.47e-03 | -

24 1 3.90e-03 | 1.51 | 1.19e-03 | 1.50 | 3.92e-03 | 1.51 | 1.22e-03 | 1.50
2° | 1.37e-03 | 1.51 | 4.19e-04 | 1.50 | 1.38e-03 | 1.51 | 4.32e-04 | 1.50
26 | 4.83e-04 | 1.51 | 1.48¢-04 | 1.51 | 4.87e-04 | 1.51 | 1.52e-04 | 1.51
27 1 1.69e-04 | 1.52 | 5.16e-05 | 1.51 | 1.70e-04 | 1.52 | 5.32e-05 | 1.51

N— 7 — 7
—~" —~"

H? L?
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NUMERICAL APPROXIMATION

convergence: uy — u, s=0.75, f=1

0.12

0
—1 —0.5

0 0.5 1
x
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NUMERICAL APPROXIMATION

convergence: uy —u, s =0.75, f=1

0.114

0.1135

0.1135-

0.11255
0.112
T T N I T L T _
0.06 -0.04 —-002 0 002 004 006
r
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NUMERICAL APPROXIMATION

convergence: uny —u, s=0.75, f==x

0.025

0,02k

0.015

0.01
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NUMERICAL APPROXIMATION

convergence: uy —u, s=0.75, f==x

0.01961 ' ' ' ' ' _ o7
— 97
0.0195[- _ o7
— 97
8
0.0195}: = 2
. 9
: 910
0.0194 = 2
0.0194
0.58 0.6 0.62 0.64 0.66 0.68
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NONLOCAL CONVECTION-DIFFUSION

— MD, Q. Du, M. Gunzburger, R. Lehoucq, Nonlocal convection-diffusion problems

on bounded domains and finite-range jump processes, Computational Methods in

Applied Mathematics, 29, 2017

question 1: how to obtain this form??

Lu(e) = [ () (y.x) — ubehr(x.y)) dy

the operator D(kD*-) is not enough



NONLOCAL VECTOR CALCULUS - CONVECTION

o divergence of v: D;(v)(x) = /n (v(x,y) +v(y,x)) - a;(x,y) dy

o gradient of u: —D; (u) (x,y) = (u(y) — U(X)>ai(X7Y)
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NONLOCAL VECTOR CALCULUS - CONVECTION

o divergence of v: D;(v)(x) = /n (v(x,y) +v(y,x)) - a;(x,y) dy

o gradient of u: =D} (u)(x,y) = (u(y) — u(x))a;(x,y)
e nonlocal convection diffusion of u: i = d (diffusion), i = (convection)

Lu(x) = =Dg(@Dju)(x) + De(pu)(x)

n

Lul) =2 [ (uly) ~ () - (@an)dy + | (uy) + ulx))- e dy

Lul) =2 [ (uly)ly.x) ~ ubhixy))dy = 90y) = 200 (Oau) ~ - a
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NONLOCAL VECTOR CALCULUS - CONVECTION

o divergence of v: D;(v)(x) = /n (v(x,y) +v(y,x)) - a;(x,y) dy

o gradient of u: —D} (u)(x,y) = (u(y) — u(x))a;(x,y)
e nonlocal convection diffusion of u: ¢ = d (diffusion), ¢ = (convection)
Lu(x) = =Da(ODju)(x) + De(pu)(x)

Lul) =2 [ (uly) ~ () - (@an)dy + | (uy) + ulx))- exedy

n

Lul) =2 [ (uy)ly.x) -~ ubhixy))dy = 90y) = 200 (Oau) ~ - a

note: D.(pu) = uD.p —/ puDludy

n

V'(VU>:UV'V—|—V-VU

M. D'Elia — mdelia@sandia.gov @ Sandia National Laboratories



NONLOCAL CONVECTION DIFFUSION PROBLEMS

strong form

—Lu=g¢g in{ Lu = —Dyg(ODu) + D.(pu)
w=0 1in Q7

weak form

[ | pitweey) - @Dy dyx— [ Dutpuxvex) dx = [ e dx

QuUQT QUQT Q Q

or, equivalently a(u,v) = G(v)

M. D'Elia — mdelia@sandia.gov @ Sandia National Laboratories



NONLOCAL CONVECTION DIFFUSION PROBLEMS

weak form

|| pitweey)- @Dy dydx— [ Dl vix)dx = [ g ax

QUQz QUL Q Q

or, equivalently a(u,v) = G(v)
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NONLOCAL CONVECTION DIFFUSION PROBLEMS

weak form

|| pitweey)- @Dy dydx— [ Dl vix)dx = [ g ax

QUOQT QUL Q Q
or, equivalently a(u,v) = G(v)

THEOREM 1 [Lax-Milgram)]

IF 1. for ;: singular values of @, 39,9 > 0 s.t.

0 < ¥ < infyxern (min; 0;) and sup,cg- (max; 0;) < 9 < oo
2. pst. CplDepllc <29, |pllec <7

THEN a(u,v) = G(v) Vv € V) is well-posed and its solution u* is s.t.

llw*[lla < Cllgllv;

M. D'Elia — mdelia@sandia.gov @ Sandia National Laboratories



NONLOCAL CONVECTION DIFFUSION PROBLEMS

weak form

|| pitweey)- @Dy dydx— [ Dl vix)dx = [ g ax

QUOQT QUL Q Q
or, equivalently a(u,v) = G(v)

THEOREM 2 [Lax-Milgram)]
IF 1. 0 < ¥ < infyern(min; 6;) and supycpn (max; 6;) < Y < 00
2. pst. |plle <m

3. for m = sup, g~ (max; m;), m;: eigenvalues of ppu?

d/m < Cp C)

THEN a(u,v) = G(v) Vv € V) is well-posed and its solution u* is s.t.

l[w*lla < Cllgllv;
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NONLOCAL CONVECTION DIFFUSION PROBLEMS

note!

some non-symmetric fractional differential
operators do satisfy the assumptions

THEOREM 2 [Lax-Milgram)]
IF 1. 0 < ¥ < infyern(min; 6;) and supycpn (max; 6;) < Y < 00
2. pst. |plle <m

3. for m = sup, g~ (max; m;), m;: eigenvalues of ppu?

d/m < Cp C)

THEN a(u,v) = G(v) Vv € V) is well-posed and its solution u* is s.t.

l[w*lla < Cllgllv;
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NONLOCAL CONVECTION DIFFUSION PROBLEMS

THEOREM 3 [Fredholm alternative]

let p=n + C ios.t. C [ is a perturbation that compromises the coercivity of af(, -)
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NONLOCAL CONVECTION DIFFUSION PROBLEMS

THEOREM 3 [Fredholm alternative]

let p=n + C ios.t. C [ is a perturbation that compromises the coercivity of af(, -)

IF 1. |

/ ﬁ(x7y> 'aC(X7Y) dYH < o0
QUQT

0. @)

2. |

ey aclxy)? dyH <

0. @)

THEN there exists a countable set S = {1/k;}, with k; # 0 such that
a(u,v) =G(v) VveV,

is well-posed for all g € V! if and only if C ¢ S.

M. D'Elia — mdelia@sandia.gov @ Sandia National Laboratories



TIME-DEPENDENT PROBLEMS

strong form

up — Lu =g xeQ,te(0,T]
u(x,t) =0 x € Qz, t € (0,T]
u(x,0) = up(x) x € ()

u€ L0, T3 V7)) = {v(-t) € Vi« [Ilv(-,¥)llla € L*(0,T)}
g < L2(07T; Vé) — {g('vt) = Vé : Hg('vt)HVC{ S L2(07T)}

M. D'Elia — mdelia@sandia.gov

@ Sandia National Laboratories



TIME-DEPENDENT PROBLEMS

strong form

ug — Lu =g x€Q,te(0,T]
u(x,t) =0 x € Qr, t € (0,T]
u(x,0) = up(x) x € ()

u€ L0, 15 V) ={v(,t) € Vi« llo(-,t)llla € L*(0,T)}
g € L2(0,T:Vy) = {g(-.t) € Vg« llg( t)llv; € L*(0.T)}

weak form

/utvdx—l— / / D:}u-(@DZU)dydx—/Dc(uu)vdX:/gvdx.
Q

Q QUQT QUQT Q

or, equivalently (u¢,v)q + a(u,v) = G(v)
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TIME-DEPENDENT PROBLEMS

strong form

ur — Lu=g x €, te(0,T]
u(x,t) =0 x € Qr, t € (0,T]
u(x,0) = up(x) x € ()

u€ L0, T Vy) ={v(t) € Vi« [llo(-,t)llla € L*(0,T)}
g € L2(0,T5Vg) = {g(-,t) € Vg : llg( t)llv; € L*(0,T)}

weak form

/utvdx—l— / / D:}u-(@Dzv)dydx—/l?c(uu)vdx:/gvdx.
Q

Q QU QUL Q

or, equivalently (u¢,v)o + a(u,v) = G(v)

THEOREM IF ||D.p|ls0 < 00

THEN (u¢,v)q + a(u,v) = G(v) has a unique solution u*

M. D'Elia — mdelia@sandia.gov @ Sandia National Laboratories



APPLICATION: MARKOV PROCESSES

master equation of a Markov process

assumptions: X;: jump process conditioned on X € 2
X; is absorbed at any time ¢ for which X; € Q7

g = 0 and uo(x): non-negative initial condition s.t. [, uo(x)dx =1
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APPLICATION: MARKOV PROCESSES

master equation of a Markov process

assumptions: X;: jump process conditioned on X € 2
X; is absorbed at any time t for which X; € Q7

g = 0 and uo(x): non-negative initial condition s.t. [, uo(x)dx =1

— nonlocal equation: evolution of the pdf for the process X; with jump rate v > 0

~ —~

P(X; € ﬁ):[u(x,t)dx, QcQ
Q
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APPLICATION: MARKOV PROCESSES

master equation of a Markov process

assumptions: X;: jump process conditioned on X € 2
X; is absorbed at any time t for which X; € Q7

g = 0 and uo(x): non-negative initial condition s.t. [, uo(x)dx =1

— nonlocal equation: evolution of the pdf for the process X; with jump rate v > 0

~ —~

P(X; € ﬁ):/Nu(x,t)dx, QcQ
Q

X; is a finite range non—symmetric
Markov jump process

1. 7 is localized

2. 7y 1s non—symmetric
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EXPECTED EXIT TIME

Definition: first exit time of X; from Q: 7 :=inf{t > 0, X; € Q7| Xo € Q},

probability distribution F,.(t)=1-— fQ x, 1) dx.
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EXPECTED EXIT TIME

Definition: first exit time of X; from Q: 7 :=inf{t > 0, X; € Q7| Xo € Q},

probability distribution F,.(t)=1-— fQ x, 1) dx.

Definition: expected exit time: E(r7 / / (x,t) dx dt.

Theorem If ug(x) : © — [0, 00), ug € L*(Q) and [, uo(x) dx =1 then

E(7) is finite: [E(7) < CT||u0H2L2(Q),
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SPECIAL CASES OF THE NONLOCAL OPERATOR

note: L is a generator of a Lévy or Lévy—type stochastic process

generator of a Lévy process: for a Lévy measure ¢

Gf(x) = Jpn (fx—y) = f(x) +y VI Lyl < R))¢(dy), R<oo, x€R"

if o(dy) = ¢(y)dy = Gf(%X)= [pn (f(x—y) = f(x)d(y)dy +d-Vf(x),
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SPECIAL CASES OF THE NONLOCAL OPERATOR

note: L is a generator of a Lévy or Lévy—type stochastic process

generator of a Lévy process: for a Lévy measure ¢

Gf(x) = Jpn (fx—y) = f(x) +y VI Lyl < R))¢(dy), R<oo, x€R"

if o(dy) = ¢(y)dy = Gf(X)= [pu (f(x—y) - f(x))o(y)dy +d-V[(x),

If v is translation invariant, i.e. v(x,y) =v(x —y)

LF(x)= [on (fx—y)— f(x)(y)dy
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SPECIAL CASES OF THE NONLOCAL OPERATOR

note: L is a generator of a Lévy or Lévy—type stochastic process

generator of a Lévy process: for a Lévy measure ¢

Gf(x) = Jpn (fx—y) = f(x) +y VI Lyl < R))¢(dy), R<oo, x€R"

if o(dy) = ¢(y)dy = Gf(x)= [pu (f(x—y) - f(x))o(y)dy +d-V[(x),

If v is translation invariant, i.e. v(x,y) =v(x —y)

LF(x)= [on (fx—y)— f(x))(y)dy
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SPECIAL CASES OF THE NONLOCAL OPERATOR

note: L is a generator of a Lévy or Lévy—type stochastic process

generator of a Lévy process: for a Lévy measure ¢

Gf(x) = Jpn (fx—y) = f(x) +y VI Lyl < R))¢(dy), R<oo, x€R"

if o(dy) = ¢(y)dy = Gf(x)= [pu (f(x—y) - f(x))o(y)dy +d-V[(x),

If v is translation invariant, i.e. v(x,y) =v(x —y)

LF(x)= [on (fx—y)— f(x))(y)dy

7(x,y)=7x—-y)=¢(x—y) = G = L+advection
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CURRENT AND FUTURE WORK



Natural follow-up work

develop an even more general theory that includes a larger class of operators
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Natural follow-up work

develop an even more general theory that includes a larger class of operators

Current work even if truncated, the domain is still huge

more efficient FEM for nonlocal /fractional operators: a new concept of neighborhoods

with C. Vollman, V. Schultz (U. Trier, Germany), and M. Gunzburger (FSU)
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Natural follow-up work

develop an even more general theory that includes a larger class of operators

Current work even if truncated, the domain is still huge

more efficient FEM for nonlocal /fractional operators: a new concept of neighborhoods
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Natural follow-up work

develop an even more general theory that includes a larger class of operators

Current work even if truncated, the domain is still huge

more efficient FEM for nonlocal /fractional operators: a new concept of neighborhoods

considering ‘“square” balls

= retriangulation w/o geometry errors

* = much easier re-triangulation!
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Natural follow-up work

develop an even more general theory that includes a larger class of operators

Current work even if truncated, the domain is still huge

more efficient FEM for nonlocal /fractional operators: a new concept of neighborhoods

M. D'Elia — mdelia@sandia.gov

considering ‘“square” balls
= retriangulation w/o geometry errors

* = much easier re-triangulation!

Important questionsS

0.

are the nonlocal problems still well-posed?

. do we recover local operators as ¢ — 07

1
2.
3

do we recover fractional operators as ¢ — co?

. which finite-interaction-radius applications?

(Fih) sandia National Laboratories






DEFINITION

X; is a Markov jump process

1. infinitely divisible
2. Xg=0
3. has stationary increments: X;;s — X; ~ X

4. has independent increments: X; is independent of X;,s — X4
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